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Abstract 

Author of this article created for the first time the method for finding solutions of the Minkowski 
problem for closed surfaces in Riemannian space. 
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Introduction 



Author resolves the Minkowski problem as the problem of construction the continuous G- 
deformations preserving the product of principal curvatures for every point of surface in 
Riemannian space. G-deformation transfers every normal vector of surface in parallel along 
the path of the translation for each point of surface. 

The Minkowski problem (MP) asks the fundamental question of differential geometry. 
H. Minkowski, in 1903, published first article on this subject. Generalizations of the MP 
in Euclidean and pseudo-Euclidean spaces were made basically by developing the methods 
! created by H.Minkowski, A.D. Aleksandrov, A.V. Pogorelov, W.J. Firey. But nobody has 

' studied this problem in Riemannian space. 

The MP in Riemannian space is much more complicate than the MP in Euclidean space 
. because well known methods that are useful for Euclidean and pseudo-Euclidean spaces are 

O I not valid for Riemannian space. 

I Author uses term of G— deformation because for surface in Riemannian space there is no 

such term as spherical image. 

• 5—1 - 

X 

c5 : §1. Basic definitions. Statement of the main result. 

Let be the three-dimensional Riemannian space with metric tensor da/s, F be the two- 
dimensional simply connected oriented closed surface in R^. 

Let F G C"^''", z/ G (0; l),m > 4. Let F has all strictly positive principal curvatures ki 
and Let F be oriented so that mean curvature H is strictly positive. Denote K = kik2. 

Let F be glued from the two-dimensional simply connected oriented surfaces F"*" and F~ 
of class C'^''^. Let F"*" be attached to F~ along the common boundary dF of class C"^'^^''^. 
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Let F"*" and F~ be given by immersions of the domain D (Z into by the equation: 
y'^ — & D, : D ^ R^. Denote by da{x) — ■s/gdx^ A dx^ the area element 

of the surface F . We identify the points of immersion of surface F with the corresponding 
coordinate sets in . Without loss of generality we assume that D is unit disk. Let x^^x"^ 
be the Cartesian coordinates. 

Symbol ,j denotes covariant derivative in metric of surface F. Symbol di denotes partial 
derivative by variable x*. We will assume / = ^. We define A(/) = f{t) — /(O). Let Qij and 
hij be the coefficients of the first and the second fundamental form respectively. 

We consider continuous deformation of the surface F: {Ft} defined by the equations 

< = y'^ + z'^it), z^(0) = 0, i e [0; to], to > 0. (1.1) 

Definition 1 . Deformation {Ft} is called the continuous deformation preserving the product 
of principal curvatures ( or M — deformation [21]) if the following condition holds: A(i^) — 
and z"{t) is continuous by t. 

The deformation {Ft} generates the following set of paths in R? 

^x"o(r) = (y"o + ^°o(T)), (1.2) 

where ^"°(0) = 0, r e [0; i], t e [O;io],to > 0. 

Definition 2 . The deformation {Ft} is called the G— deformation if every normal vector 
of surface transfers in parallel along the path of the translation for each point of surface. 

Theorem 1 . Let F e C"^'^, i/ e (0; 1), m > 4, he closed surface. Let F he glued from the two- 
dimensional simply connected oriented surfaces F^ and F~ of class C^'". Let F~^ he attached 
to F^ along the common boundary dF of class C^^"^'^ . Let ciap € C"^'^, 3Mq = const > 

such that \\aap\\m,u < Mq, \\ddaj3\\m,iy < Mo, \\d'^dap\\m,u < Mo. 

1 ) Then there exists to > Q such that for all t £ [0, to) there exists three-parametric 
MG— deformation of class G'^~'^'^ continuous by t. 

2) If, at the point To G F~^, the following additional condition holds: Vt : z'^(t) = 0. Then 
there exists to > such that for all t G [0, to) there exists only zero MG— deformation of 
class C'"^-2>'^ continuous by t. 

§2. Deduction of G— deformation formulas for surfaces in 
Riemannian space. 

We denote: 

^'^(^)=a^'(^)l/^,+c(t)n^ (2.1) 

where a-^(O) = 0,c(0) = 0, n'^ is unit normal vector of surface at the point {y'^). Therefore 
the deformation of surface F is defined by functions and c. 
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We use designations from [30]. Notice that the equations of G— deformation obtained in 
§2 of [30] are : 

a%u + (1 + No{t, 0))c,i +d,a^Nj{t, 0) + 0) = 0, z = 1, 2. (2.1) 

The estimations of norms for functions A^o(^, 0)), iVj(t, 0), Qj(t, 0) are derived in §3 of 
article [30] where the explicit forms of A^o(^! 0)), iVj(t, 0), 0) are found. 

We introduce conjugate isothermal coordinate system where hu — V,i = 1,2, 612 = 621 = 

0. Then we have the equation system from (2.1): 

c,i (1 + A^o) + Va' + Nkdia'' + Qi ^ 

c,2 (1 + No) + Va" + Nkd2a^ + Q2 = (2.2) 

We find solution of the equation system (2.2) by finding function c on functions a*. 
We denote 

*i = -(c i927Vo - c a^iTVo + d^al'd^Nk - d2a!'d^Nk + ^sQi - d^Q2)/V. (2.3) 

Then, from (2.2) and (2.3), we have the following equation (see [30]): 

92d^-9id'+Pfcd*^ = ^i, (2.4) 

where pi = (?2(lny),p2 = —di{\a.V). Note that pk do not depend on t. 

At first, we will solve the equation system (2.2) for surface F"*" for the case 2) of theorem 

1, assuming that functions a} and are given. The solution of the equation system (2.2) 
was presented in [30]. 

From [30] we have that every pair of functions d* e C*™"^'^ corresponds to the unique 
function c G (j'fn-2,v therefore to the unique function c G (jrn-2,v ^ 
We find function c from the equation: 

c = La{c) + 7t, (2.5) 

by the method of successive approximations. Notice that La and 7^ were presented in [30] 
and have explicit forms. 

In [30] was proved the following lemma for the case 2) of theorem 1: 

Lemma 5.1. ([30]) Let the following conditions hold: 

1) metric tensor in satisfies the conditions: 3Mo = const > such that \\acei3\\m,iy < 
Mo, \\dao,p\\m,i, < Mo, \\d^aa(^\\m,,y < Mo. 

2) 3to > such that {t) , dia^ {t) , al^ {t) , diol^ {t) are continuous by t,yt e [0,to], a^(0) = 
0, dia'^iO) = 0. 

3) 3to > such that a%t) e C"'-'^''' , dka'{t) e C™-^'^ Vt G [0,to]- 

Then 3t^, > such that the equation c = La{c) + 'ft '^t ^ [0,t*]. has unique solution of 
class C'^~'^'^ continuous by t. 

Proof of lemma 5.1. was presented in [30]. 
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Corollary. ([30]) Let the conditions of lemma 5.1. hold. 
Then the Junction c takes the form: 



,1 ™2 



c{x ,x,t) 



(^{o)'^(o)) 



and for P the following inequality holds: 

\\P{o,\l)^(^\l)) ~ -^^(^(2), '^(2))l|m-2,i/ < K&{t){\\o\l) ~ 0(2)IU-2,i/ + ||a(l) " ^^2) l|m-2,i/) , 

where for any £ > there exists > such that for all t e [0, to) the following inequality 
holds: Ks{t) < e. 

The proof follows from construction of function c (see [30]). 

Note. For surface F~ we use similar methods of finding solutions of the equation system 
(2.2). But formula (5.6) from [30] takes the following form 

c{x^,x^, t) ~ 



^^(O)'^(O)) 



(1 + A^o) (1 + Nof 



V (1 + ^0) (1 + N^f 

(^(O)'^(O)) 

where is arbitrary real parameter. B^ is found from the condition — c~ on dF. 



§3. The equations of MG— deformations. 

Deduction the formulas of deformations preserving the product of principal curvatures was 
presented in [30]. The equation of deformations preserving the product of principal curvatures 
takes the following form: 

d^a} + d2a^ + qt^a!'^¥?, (3.1) 

where ¥p = q^h - Po{d\d'^,did^). Pq has explicit form. Notice that qf e c^^-^'", q^'^ e 
Qm.-i,v j^Q^ depend on t. 

We will use the following lemma form [30]. 

Lemma 6.2.1. ([30]) Let the following conditions hold: 

1) metric tensor in satisfies the conditions: 3Mq = const > such that \\aai3\\m,iy < 

Mq, \\ddai3\\m,u < Mo. 
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2) 3to > such that {t) , dia^ {t) , it) , dia^ it) are continuous by t,\/t e [0,to], a^(0) = 
0, diu'^iO) = 0. 

3) 3to > such that a'{t) e C^-'^'" , dka'{t) G C™-3'^, Vt G [0,to]- 

Then 3t* > such that for all t e [0, t^) Pq e C^'^'^ and the following inequality holds: 

||Po(0(i), 0.^1)) — -Po('i(2), Cl(2)) ||m-2,zy < -^9 (^) ( || 'i(l) ~ '^(2) + 11*^(1) ~ <i(2) l|m-l,i/) ; 

where for any e > there exists to > smc/i that for all t € [0, to) the following inequality 
holds: Kg{t) < e. 

The proof was presented in [30]. 

We observe all designations for functions and terms presented in [30]. We use estimations 
of norms for obtained functions from §2, §3, §7 of [30]. Formulas of functions W^i, W^2,^2, 
the estimations for norms of these functions are presented in §8 of [30]. From article [30], we 
also use the following lemmas: 2.1, 2.2, 2.3, 3.1, 3.2, 5.1, 6.2.1, 7.1, 7.2, 7.3, 8.3.1, 8.3.2, and 
theorems: 1, 9.1, 9.2. 

We have the following equation system of elliptic type from [30]: 

820} - dia^ + PkCi'' = ^1, 

did' + d2d'' + qPa''^^?, (3.2) 

where we use (3.1). 4/2^ = q^^c — Pq- Note that q^^^ do not depend on t. 
Then we finally have the form of desired equation from [30]: 

d^w + Aw + Bih + E{w) = ^. (3.3) 

Let, along the OF, be given vector field tangent to F. We denote it by the following 
formula: 

= hi (3.4) 
We consider the boundary-value condition: 

accpz^'v'^ = 7(s, t), s e dD. (3.5) 

Define: = da^y'^kV^, k — 1,2. 
Then boundary condition takes the form: Re{{a^ + ia^)(Ai — 1X2)} = 7 on dF. 
Denote: A, = (j^p^, = 1, 2. = j^^^^^f^- 

Then boundary-value condition takes the form: Re{\w} = (p on dF, where |A| = 1. 
We analyze the decidability of the following equation (A) : 

dgw + Aw + Btjj + E{w) = ^, Re{Xw} = (p on dD, (3.6) 

A = Ai + iA2, |A| = 1, A, G C^-^'-'idD). 

We will use the fact that ^ = ^(w, z, t),E{w) = E{w, z, t), w = w{t), 
if = ip{s, t),s e dD, A = A(s), s G dD. 
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Let n be index of obtained boundary- value problem 

n = ^^dD arg A(s) . (3.7) 

Since is not tangential to dF vector field then the index of boundary-value problem 
n = 1. 



§4. Proof of theorem 1. 

Proof of theorem 1. 

At first, we will prove the case 2) of theorem 1. 

Notice that we consider closed surface. We assume that surface consists of two surfaces 
F"*" and F~ with the same boundary dF. Let F+ and F^ be glued. According to [17, 
18], we introduce conjugate isothermal coordinate system on F. Therefore F is mapped 
gomeomorphically onto the domains G"*" C E"^ and G~ C E^. and G~ have the same 
boundary F and G~ is infinite domain. Notice that V is simple closed smooth curve of class 
(jm+i,y ^ Note that dF is mapped gomeomorphically onto the curve V twice. According to 
[17, 18], without loss of generality we assume that for each point M e OF there exists unique 
point sm £ r. 

It is possible to introduce uniform conjugate isothermal coordinate system on F that 
maps F gomeomorphically onto the whole E"^ if we do not fix domains G^ and G~ ( see [17, 
18]). 

Along the we consider the condition of contiguity of surfaces and F . Let = 
s^y^y, be unit tangential to the dF vector field (see [28]). Let v"" be unit vector field which, 
on 9F, satisfies the following conditions: 

Denote: = a^/jz+^s^, = a^pz-'^s^, z+'^ = a^/j^+^t;^, = aa^z-'^v^ . 

Therefore, according to [17,18], if the surfaces F+ and F~ compose the smooth surface 
F then the condition of contiguity of surfaces F+ and F~ takes the form: 



4" = ^;", 4" = ^-", c+ = c- on dF. 
We have the following conditions: 

aapv'^v^ = 1, 

aa/3-S"s'^ = 1. 

Therefore we get the following equation system: 



6 



The solution of the Minkowski problem for closed surfaces in Riemannian space. 



QikS's'' = 1. 



Consider the formula: 



Then 



Therefore we have the following boundary-value condition on OF: 



We obtain on dF: 



In the article [30] author analyzed the decidability of the following boundary-value 
problem (A): 

dzw + Aw + B^h + E{w) = ii , Re{\w} = an dD, (4.1) 

|A| = L A = Ai + iX2, A, V? G C"'-^'''idD). 

Therefore we have the following boundary- value problem {A'): 

d^w + Aw + Bih + E{w) ^4f, (in and G"), 

a+'^a-\ on F. (4.2) 
The boundary-value problem (^4') takes the form: 

d^w + Aw + B^ + E{w)^4f, {in and G~), 

w~^ = w~, on r. (4.3) 

The above problem is generalized Carleman problem. Since F G C"^''^,m. > 4 then the 
condition of contiguity of surfaces and F~ is of at least 4-th order. 
Consider the following problem 

dzW + Aw + Bw — 0, {in G'^ and G~), 

w+ = w~, on r. (4.4) 

Using methods from [17,18] we reduce boundary-value problem (4.4) to the following 
problem for analytic functions: find analytic function ^'^{z) in G^ and analytic function 
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^"{z) in G~ satisfying the boundary- value condition $+(s)=6'^(s)$^(s) on F, where C/(s) 7^ 
on r, index k — ind U{s) — 0, $~ has finite order on infinity $~(oo) = and ^'^{zq) = at 
the point zq = xl + ixl G G~^. Therefore from [17, 18, 31] we obtain that the boundary-value 
problem (4.4) has only zero solution of class C'™-2-i^_ (^$+ = g, $~ = 0). 
For every admissible analytic in G+ function the equation 

d^w + Aw + Bw + E{w) = ^, in G+ 

has unique solution and is solved by method of successive approximations as (see [17, 18]): 

Wq{z) = ^+{z) + T{-E{w) + *), 

w,^,{z) ^-j I (-4^^ + -^^^ ^^^^ + $+(^) + T{-E{w) + ^), ^ = 0, 1, 

TT J J — Z 

G+ 

where C = C + 

G+ 

Then we have the following inequality: ||w||to-2,i/ < -^^20(^)11^11^-2,^ for all sufficiently small 
t > 0, where K2o{t) < 1. 

Using methods from [17, 18, 31, 20] for finding the solutions of problem (4.3), theory of 
completely continuous operators and theory of Volterra operator equation, the theorem 1 
from [30] we obtain that the problem {A') has only zero solution of class C'"*-^,;/ continuous 
by t. 

The case 2) of theorem 1 is proved. 

Proof of case 1) differs from proof of case 2) by the fact that has one additional real 
parameter and is two-parametric function (with two real parameters). 
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